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Linear Programming : formulation

Linear Programming problem standard form

n
min > gx
=1
st. Y apg<b i=1...,mm<n
L X; >0 j+1,...,n

(LP) <

wherex € R" are the decision variables,c R" is a cost vectorA is am x n matrix
(rangm) andb € R™,
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Linear Programming : geometry

Definition
A set{A]i € 5} of mlinearly independent columns éfis a basis oA\
The variableqx;|i € 3} corresponding to the indicegsof the basis are called

basic variablesAll other variables are calledonbasic variables.

Let (B|N) be a partition into basic and nonbasic columng.of
Let (xg, Xn) the corresponding partition of the variables.

Definition
Given a polyhedrof® = {x € R"|Ax= b, x > 0}, the feasible vectorshaving
xz = B~!b > 0 andxy = 0 are calledbasic feasible solutions (bf&)f P .
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Linear Programming : geometry

Lemma
Given a polyhedron P= {x € R"|Ax= b,x > 0} and a bfs x for P, there exists a

cost vector &= R" such that X is the unique optimal solution of the problem

min{cTx|x € P}.

bfs solutions correspond to verticeskaf

Theorem
Given a polyhedron P= {x € R"|Ax= b, x > 0}, any bfs for P is vertex of P, and

vice-versa.
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Linear Programming: geometry

Theorem

For any feasible bounded linear program there exists anmaltisolution that
corresponds to aertex of the polyhedron that describes the set of feasible soluti

Note: since there are finitely many vertices in a polyhedndi,
the (continuous) LP problem can be transformed into a fikgech.
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The Simplex Method

Basic observations

vertex of the polyhedron to another in such a way that theatiggfunction never

The Simplex Method is based on the previous theorem: it gaeby hopping from
increases. Ji

Basic observations:

@ To verify whether a vertex of a polyhedron is a local minimumtwa linear
form it suffices to check that all adjacent vertices have @igtssociated
objective function value.

o Polyhedra are convex sets and linear forms are convex ng;tso any local
minimum is also a global minimum.
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The Simplex Method

The Simplex Method is “a systematic procedure for genegedind testing candidat
vertex solutions to a linear program.{Gill, Murray, and Wright) f

@ It begins at an arbitrary corner of the solution set.
@ At each iteration, selects the variable that will produaeltrgest change
towards the minimum solution.

@ That variable replaces one of the adjacents that is mostedgvestricting it,
thus moving the Simplex Method to a different corner of thieison set (and
closer to the final solution).
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The Simplex Method

The Simplex Method is “a systematic procedure for genegedind testing candidat
vertex solutions to a linear program.{Gill, Murray, and Wright) f

Note:
@ The Simplex Method can determine if no solution actuallysesi

@ The algorithm is greedy since it selects the best choicedht iaration without
needing information from previous or future iterations.
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The Simplex Method

At each step, the same process is repeated with a new vahabtaming basic as
another becomes nonbasic.

Eventually, one of three things will happen:

@ a solution may occur where no nonbasic variable will de@dlas cost, in which
case the current solution is tbetimal solution

@ a non-basic variable might increase to infinity without ¢éags basic-variable to
become zero, resulting in ambounded solutian

@ no solutionmay actually exist and the Simplex Method must abort.
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The Simplex Method : an Example (1/9)

([ max 5¢; + 4% + 3%3

Sst. 2%+ 3 +Xx<5

{ 4K + X0 + 2%3 < 11
3X1 + 4% + 2%3 < 8
X1, X2, X3 > 0

1(See [Chvatal, 1983] and ?EN AC

http://cl asses. apl . washi ngt on. edu/ Mat h407Summer 2005/ di cti onary2. 1. ht m
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The Simplex Method : an Example (2/9)

Rewrite with slack variables:

(' max z=5x; + 4% + 3%3

stt. §5=5—2x—3% —X3
4 S =11—4x3 — X2 — 2X3
S =8— 33X — 44X, — 2X3
X1, X2,X3,S1,,% > 0

This layout is called alictionary.

(so, dictionaries contain a representation of the set ch&ops
appropriately adjusted to the current basis)

@ Variables on the left are tHeasic variables

@ Variables on the right are theonbasic variables
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The Simplex Method : an Example (3/9)

(' max z=5x; + 4%, + 3%3
st. $=5—2%X1 — 3% — X3
4 S =11—4%x; — Xo — 2X3
S3=8—3X1 — 4% — 2X3
X1,X%2,X3,81,5,% > 0

\

The basic feasible solution sets the variables on the rigbte the equations to zero
and then solves for the ones on the left side.

For our example, the basic feasible solution is:
X1=0,%=0,x%=0,5=5%=115=82=0

This solution is also called @ictionary solution
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The Simplex Method : an Example (4/9)

([ max z=5x; + 4Xy + 3X3

st $5=5—2X — 3% — X3
{ S =11—4%x; — Xp — 2X3
S3=8— 33X — 4xp — 2X3
X1, X2, X3, S1, 52,83 > 0

We notice that:

- If we increasex; and keep; = x3 = 0, thenz (the objective function) increases
(because the coefficient gf in the equation for is positive)

- How much can we increasge? Untils; goes to zero.

- Do it. Theresultis that; > 0 ands; = 0.
That is,x; becomedasicands; becomeson basic

- This step is called pivot
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The Simplex Method : an Example (5/9)

(First) Pivot : exchange the role of two variableg <« s;

We solve for the variablg; in the row corresponding t§ :
X1 = 2.5—0.55 — 1.5x, — 0.5%3

and replace the row correspondingstawvith this equation and we use this equation 1
replace all other occurrencesxfin the problem:

( max z=5(2.5-0.55 — 1.5xp — 0.5x3) + 4%, + 3x3

st. X1 =25-0.55 — 1.5x, — 0.5x3
4 S =11—-4(25—- 055 — 1.5%p — 0.5X3) — X2 — 2X3
S5 =8—3(25—0.55; — 1.5, — 0.5%3) — 4%2 — 2X3
X1, X2, X3,81,%2,S3 > 0
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The Simplex Method : an Example (6/9)

(First) Pivot: exchange the role of two variableg; < s;
Regruping terms:

([ max z=125-— 255 — 3.5x, + 0.5x3
st. X1 =25-0.55 — 1.5x, — 0.5%3

¢ S =1+ 25 + 5%

S35 = 0.5+ 1.55 + 0.5%, — 0.5%3

X1, X2, X3, 81, S, S3 > O

The bfs is:
X1=25X=0,x3=0,=0,=1 =05 2z=125

so, the value of has increased from the previous problem representation.
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The Simplex Method : an Example (7/9)

Second pivot.

( max z=125-25s; — 3.5% + 0.5x3
st. X1 =25-0.55 — 1.5x, — 0.5x3

) S=14+25+ 5%

3 = 0.5+ 1.55 + 0.5%, — 0.5%3

X1,X2,X3,S1,%2,83 > 0

We notice that:

- If we increasexg and keep; = 5 = 0, thenz (the objective function) increases
(because the coefficient gf in the equation for is positive)

- How much can we increasg? Until s3 goes to zero.

- Do it. The resultis that; > 0 andsz = 0.
That is,x3 becomedasicandsz becomeson basic
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The Simplex Method : an Example (8/9)

(SecondpPivot: X3 <« S3
We solve for the variablgs in the row corresponding t&:
X3 =1+ 381 + X — 253

and replace the row correspondingstawith this equation and we use this equation
replace all other occurrencesxafin the problem:

(( max z=125- 25 — 3.5% + 0.5(1 + 3s; + X — 2%3)
st. X3 =25-0.55 — 1.5% — 0.5(1+ 3s; + X2 — 2%3)
q $=1+2s +5%

X3=1+3s + X — 25

X1, X2, X3, 81, S, S3 > 0
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The Simplex Method : an Example (9/9)

(Second) Pivot : X3 <« 3

Regrouping terms:

((max z=13—-5 -3 —
st. X1=2-25—-2%+$3
g S =1+ 2 + 5%
X3 =14 35 + X — 23
X1, X2, X3, 81, S2,S3 > O

The bfsis:
X1=2,%=0,X3=1,5=0,9=15=0z=13

so, the value ot has increased from the previous problem representation.

This is the optimal solution, because there is no feasilskctdon in which the
objective function increases.
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The Simplex Method

Note :

At each step : which non-basic variable should replace & vasiable?

The non-basic variable to select should be such that the wdlthe objective function
does not decrease. The objective function is stated in tefmen-basic variables only,

so its value does not decrease by selecting a non-basibleawaose coefficientin the
objective function is positive.
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Exercise

[ max 40 + 200,
st.  30x; + 20x, < 6000
40x; + 10xo < 4000
X1, X2 > 0

\

Solve the problem by the Simplex Method with Dictionaries.
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