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Boolean variables

Definition
A boolean variablex is a variable that can assume only two values 0 and 1.

O is forfalse 1 fortrue.

Thenegationx of a boolean variable is the variable that assumes the value .

v

Thesum of boolean variableg x- X, + - - - + X, is defined to be 1 if at least one of the
xi's iIs 1 and O otherwise.

Note thatx = x.
gENAC
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Literals and Clauses

Definition
A literal | is a variablex or its negatiorx. J

Let X be a set of boolean variables. For every X there are 2 literals oves; namely
x itself andx.

Definition
A clauseover a set of boolean variables is a disjunction of literals. J

Example:
suppose we have 2 variableg, x»
we create a clause by using theoperator: x;VXo.

? ENAC
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Literals and Clauses

Definition
Thelength of a clausés the number of its literals. J
Example:

X1V X2V X3

Is a clause of length 3
its literals arex;, Xo andxs

if X, =0,% =0,x3 =1, thenits value is 1.

? ENAC
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CNF formula
Definition

A boolean formulan Conjunctive Normal FornfCNF) @ is a conjunction of clauses:

m
&= /\ G, whereC; are clausesyi € {1,..,m}.
i=1

Example:
suppose we have 3 variablesq, X2, X3
we can create some clauses by usingaheperator:

(X1VX2), (X1VX2), (X2VX3), (X1VX3), (X1VX2), (X1 VX2)
then we can join the clauses by using #r& operator:
(X1 VX2) A (X VX2) A (X2 VX3) A (X1 VX3) A (X1 VR2) A (X1 VX2)
Definition
Thesizeof a CNF formula is the sum of the length of all its clauses. J
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Assigment of values

Definition
An assigment of values to the s¢€bf variables of a boolean formulais called a
truth assignment

An assignment of truth values to the propositional varisble
o satisfiesa literalx; if x; takes the value 1
o satisfiesa literalx; if x; takes the value O
o satisfiesa clause if it satisfies at least one literal of the clause
o satisfiesa CNF formula if it satisfies all the clauses of the formula.

An assigmnent for a CNF formufais completef all the variables occurring i have
been assigned, otherwise itgartial.
?ENAC
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The SAT problem

Definition
Given a boolean formula in Conjunctive Normal Form, comsgsbf a conjunction of
m clause<;, each of which with 2 literals, th2-Satisfiability Problen2-SAT), is the
problem ofdeciding if there is a truth assignment to the literals sinet €ach clausg
is satisfied (i.e. its value is 1)

v

Depending on whether this is possible or not, we say thatdhaula issatisfiableor
unsatisfiable

Each instance of the 2-SAT problem i2&@NFformula.
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The MAX2SAT problem

Definition
decision version

Given a boolean formula in Conjunctive Normal Form, comsgsbf a conjunction of
m clause<C;, each of which with 2 literals, and given an integgethe
Maximum 2-Satisfiability probleniM AX2SAT), is the problem ofleciding if there is
a truth assignment to the literals such thatisfies at least k clauses

v

Definition
optimization version

Given a boolean formula in Conjunctive Normal Form, comsgsbf a conjunction of
m clause<C;, each of which with 2 literals, the

Maximum 2-Satisfiability problenfM AX2SAT), is the problem ofinding a truth as:
signment to the literals thabaximizes the number of satisfied clauses

v
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The MAXSAT problem

The natural generalization of MAX2SAT is the MAXSAT problem

Definition
The Maximum Satisfiability problerM AXSAT) asks for the maximum number of

clauses which can be satisfied by any assignment.
The clauses have not a limit on the number of literals.

There are several extensions to MAXSAT:

@ The weighted maximum satisfiability problefd/éighted MAXSAT) asks for the maxi-
mum weight which can be satisfied by any assignment, givenhaf seeighted clauses.

@ The partial maximum satisfiability problelPIAXSAT) asks for the maximum number
of clauses which can be satisfied by any assignment of a giuesesof clauses. The rest

of the clauses must be satisfied.
?ENAC
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Applications

SAT and MAXSAT are central problems in Artificial Intelligee, Logic and
Computational Complexity.
Many important real-world applications:

@ scheduling

@ electronic design automation

@ computer architecture design

@ pattern recognition

@ inference in Bayesian networks

? ENAC

Sonia Cafieri (ENAC) Max2Sat Problem 2011-2012 13/36

MAXSAT as an Integer Programming problem

X binary variable :
- an unnegated literal is replaced iy
- a negated literal is replaced by-1x;.

A clause is satisfied if and only if the sum of its literals isrintore.

Example:
the clause vi VvV v, V v5 V V7

is satisfied if: (1 —x1)+X+x+ (1—%7) > 1

We have to handle the maximization of satisfied clauses.
A clause is either satisfied or it isn't:

y; =1 ifclausey; is satisfied
y; = 0 if clausey; is not satisfied

? ENAC
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IP formulation

Let® be a CNF formula® = o1 A - -+ A .
Forallj <mletY,={i<n|x €pi}andY,={i <n|X € ¢i} and
x € {0,1}",y € {0, 1} be binary decision variables.

Integer Programming formulatidor MAXSAT:

max >y,

j<m

stYism D ox+ ) (1-x) >y
€Y i€y,
x € {0, 1}"

y € {0,1}™
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Complexity

@ SAT was the first known NP-complete problem [Cook, 1971].
(NP standing for Nondeterministic Polynomial time — anyegivsolution of the problem
can be verified in polynomial time and every other problem ix@¢én be reduced (.

@ MAX2SAT is shown to be NP-complete by reduction from 3SAT.
@ The more general MAXSAT is also NP-complete.

@ 2SAT is polynomially solvable.

MAXSAT problems are difficult problems: the time requireddolve the problem
increases very quickly as the size of the problem grows.

? ENAC
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How can we solve the problem?

A very simple algorithm: exhaustive search.
Enumerate all possible 1 and O configurations, and verifi eae.

» As the number of variables becomes large, enumerating sdliple combinations
becomes impossible.

» Fornvariables, this search can requiret@sts.

= Ex.:n =5, there are 2= 32 possible configurations:
00000, 00001, 00010, 00100Q,.,112111.

? ENAC
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Solution methods

Exact methods

@ variants of Davis-Putnam-Logemann-Loveland (DPLL) pchae
(designed for SAT - deterministic tree-search with badrag) [Davis et al., 1962]

@ Branch and Bound (BB) algorithm8orchers and Furman, 1999]

Approximate methods

o GSAT
(greedy local search — starts with a randomly generatedrasgint, then repeatedly change
(flips’) the assignment of the variable that leads to thgéat decrease in the total numbe
of unsatisfied clauses).

o WalkSAT
(starts with randomly generated assignment, then repepichs a clause which is unsat-
isfied by the current assignment and flips a variable witha thause).

%ENAC
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Branch and Bound algorithm
SAT problem

First consider the SAT problem.
Basic algorithm;
@ Select a variable and set its value to O or 1.
Note: different 0/1 assignments create branches of the seaeh tre

@ Replace the selected variable with the selected value ifothaula.

o If the selected value satisfies all the clauses, then assiglua to the
next variable, and so on.

o Else, if the selected value fails to satisfy one of the clayseinethe
current branch and backtrack the search.

o Keep performing this process until all clauses are satisfied

? ENAC
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Search tree

Example of binary search tree
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Branch and Bound algorithm
SAT problem

Example

(X2 VX5) A (X1 VX3) A (XgVXs) A (X1 V X2)

Start settingi; = 0 and substitute this value into the formula.
We get a 0 in two clauses, but we don’t know yet if the formulsassfied or not.
Go to the next variable in the tree, Setx, = 0.

The 4-th clause is unsatisfied, because has odmdx, as O.
Therefore, we don’'t continue exploring that branch, sinescannot satisfy the
formula.

Try the other branch fax,: setx, to 1. The 4-th clauses is now satisfied.

Setxg = 0. The 2-nd clauses is satisfied.

Setxy, = 0.

Setxs = 0. Then all clauses are satisfied: we solved the SAT problem%
ENAC

¢ 6 ¢ ¢

¢ 6 ¢ ¢

Sonia Cafieri (ENAC) Max2Sat Problem 2011-2012 23/36

Branch and Bound algorithm
SAT problem

Observation
Notice that we didn’t need to go through every branch of tee to find the solutionJ

Observation

If an assigned variable fails to satisfy one of the clauses) ive prune the
corresponding branch of the search tree.

What does it happen when we consider MAXSAT?
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Branch and Bound algorithm
MAXSAT problem

Consider now the MAXSAT problem.

= We want to satisfy the maximum number of clauses,aliaihe clauses.

= So, if we find an unsatisfied clause when assigning a value &viable, then we
have not to stop at that point and go back to the other branch.

m If a certain 0/1 value for a variable fails to satisfy a clajsecould be that the
same value satisfies many other clauses: it is possible dmiincing down on
that branch we get maximum satisfiability.

= \We have to explore more branches!

When can we stop exploring a branch?
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BB algorithm for MAX2SAT

Consider the IP formulation of the MAX2SAT problem.
Algorithm:

@ At each node of the search tree solve the Linear Programnmiay relaxation
obtained by replacing the integrality requirements by thge bounds:
Vie{l,...,nj0<x <1, Vje{l,... m0O<y <1.

o Ifthe solution to the LP is infeasibleacktrackto a higher level in the search tree

o If the solution to the LP is integral, compare it to the bestgnal solution found
so far.Backtrackto a higher level in the search tree.

o Else (if the solution has one or more fractional variablas)nchon one of the
fractional variables and repeat the procedure.

? ENAC
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BB algorithm for MAX2SAT

Some observation:

@ Branchingallows to extend the current partial assignment by instéinty a new
variable. This leads to the creation of two new branches efttbe from the
current branch: the left branch corresponds to instantieenew variable to O,
the right branch corresponds to instantiate the new variabl..

@ Backtrackings used to go back to a higher level in the search tree andmzamnti
exploring the tree along others branches.

@ When we find an assignment of values such that the numberisfisdtclauses is
greater than the number we previously found, we store theegalke have found.
The corresponding value of the objective function is terent boundand it
represents theurrent best valuef the objective function.
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BB algorithm for MAX2SAT

For the sake of simplicity, we only consider the basic BB athon for MAX2SAT,
but usually suitable strategies are used to reduce the datignal complexity.

Observation

BB algorithms for MAX2SAT usually implement methodsrezlucethe input formula:
the formula is simplified according teansformation rulesvithout changing the max
imum number of satisfiable clauses

[Gramm, PhD thesis, 1999]
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BB algorithm for MAX2SAT
Input a 2CNF instance

while (termination test not satisfiedp
solve the continuous relaxation
if (the solution is infeasiblahen
backtracking
else
if (the solution is integethen
if (the current value of the obj. func. is greater than
the one previously foundjhen
store the current solution
endif
backtracking
else
branching
endif
endif
endwhile

The output is the maximum number of satisfied clauses. ?ENAC
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BB algorithm for MAX2SAT: problem relaxation

The linear continuous relaxation is obtained by relaxirgititegrality constraints on
the variables.

Let® be a CNF formula® = o1 A - -+ A .
Forallj <mletY,={i<n|x €pi}andY,={i <n|X € ¢i} and
x € R",y € R™be decision variables.
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BB algorithm for MAX2SAT: branching rule

We branch if we find a solution containing still fractionalwes.
A lot of branching rules are possible. What rule can we use?

A very simplebranching rule
branch on the first fractional variabkethat we find, fori € {1,...,n}.
Using this criterion, branching index is:

i =min{1,...,n} | % ¢ {0, 1}.
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RandomWalk algorithm

An approximate method.

Basic algorithm:
@ Randomly choose a truth assignment for the variables.

o If the current assignment satisfies the formula (for SAT)har tequired number
of clauses (for MAXSAT), then terminate the procedure.

o Else randomly pick a clause which is unsatisfied by the ctimesignment and
flip a variable within such clause.

Note: GSAT, WalkSAT, ... , are variants of the RandomWalloalkipm.

? ENAC
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A RandomWalk algorithm for MAX2SAT

Suppose we have MAX2SAT — decision version. We aim to sakishauses.

Input a 2CNF instance and a positive integer

randomly assign a 0/1 value to all variables
termination :=0
while (termination = O)do
replace the variables in the formula with the selected assent
if (at leask clauses are satisfiethen
termination :=1
else
choose randomly an unsatisfied clause
choose randomly a variable within the selected clause aangghits value
endif
if (iteration limit reachedjhen
termination ;=1

endif
endwhile
The output is the truth assignment that satidtieiauses (if the solution is fou%
20112012 34/36

A RandomWalk algorithm for MAX2SAT

Some observation.

@ The algorithm does not guarantee finding an optimal solution
@ If a solution is found, it is usually quickly found.
@ At each step, the clause to be changed can be randomly chosen.

@ The fact that a clause is unsatisfied means that at least dhe wgériables in the
clause must be flipped in order to reach a global solution.

@ In some algorithms, the variable to be flipped is chosen fiwgrselected unsatis-
fied clause by some greedy heuristic.

@ A number of such heuristics have been studied. For ex., stqgnathms take into
account the number of currently satisfied clauses that woetdme unsatisfied

if a variable were to be flipped.
%ENAC
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