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Knapsack problem (KP)

syl
( n
max »  xu V = volume of the knapsack
) =1 v; = volume of object
st. Z xvi <V u; = value of object
=1 . i = 1 if object i is selected, 0 otherwise
\ x € {0,1} Vi X J
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Solving the KP

There is no polynomial algorithm known that solves the peabto optimality.
There is also no proof that such an algorithm does not exist.

How to solve the Knapsack problem?

@ Apply an algorithm with exponential running time to find eptimal solution

@ Enumerate all possible solutions in a smart way to fingjatimal solution
branch-and-bound or dynamical programming

@ Apply a polynomial algorithm that constructgjaod but possibly non-optimal
solution: heuristic approach.
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Heuristics for KP : Greedy algorithm

Greedy : algorithm that makes the choice that looks the best at theenam

Idea :

Sort by most rewarding items with respect to a given criterio
and take as many of the top most valuable items as will fit.

Heuristic 1 : sort u; i€ {1,...,n} by non-increasing order
Heuristic 2 : sortv; i€ {1,...,n} byincreasing order

Heuristic 3 : sort u;/vi i€ {1,...,n} by non-increasing order

= the most efficient greedy
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Greedy algorithm for KP

Let i,j be indexes such thgt= 1,...,n correspond to items sorted with respect to a give
criterion

W20
for j=1,...,n do
W — Vij +W
if (W<V) then
X, — 1
else
Xij — 0
W — W —y;
endif
endfor

v
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0-1 Knapsack and Continuous Knapsack

0-1 Knapsack problem :
you can only choose to take all or nothing of a particular i{@rl)

Continuous (Fractional) Knapsack :
you can take any fractions of the items to put in the knapsack

=- continuous relaxationf 0-1 Knapsack

For both versions:

Optimal Substructure property:
an optimal solution contains within it optimal solutionsstiabproblems.

If we remove itemi from an optimal solution, then the remaining items must benogd for
the subproblem where the bag volumevis- v; and the available items do not include itém
Otherwise, we would be able to construct an even betterisnlthian the optimal one.
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Solving the CKP: Greedy (n.3)

Idea :

Sort by most rewarding items with respect to the ratio of gatusize, and take as muct
as possible of the most valuable items as will fit.

Steps:

@ compute ratios (densities); /v,
@ sortthem by non-increasing order

@ take as much as possible of the densest item not already bathe

Complexity :O(nlogn) for sorting, O(n) for greedy choices
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Solving the CKP: Greedy (n.3)

Sort values/volumes by non-increasing order.
Let i,j beindexes such that, /v with j = 1 is the maximum ratio:

Uy o Uy o U
Vi, Vi, Vi,
W0
for 1<n do
if (W+ v, <V) then
take itemi :

take a fraction of item :
V-W

Xy, <

Vi, _
X; <0 Vj>h

endif %
ENAC
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Solving the Continuous Knapsack Problem

Theorem

The Greedy algorithm (n.3) is optimal for the Continuous gseck Problem (CKP)
(continuous relaxation of 0-1 Knapsack)

Proof. 1

Note that the algorithm fills the knapsack completely.
It may take a fraction of an item, which can only be the lastcteld item.

The greedy solution is such that there existd auch that
=X, =X, ==X, > Xinyr =~ Xih+2:"':Xin:O'

We compare this solution with another (feasible) solutigp, . . ., ;. .

Letk be the smallest index such thag, < 1, and
let ¢ be the smallestindex suchthd& < ¢ and y;, > 0.
(such ary exists, otherwise thg solution would be equal to thesolution).

ENAC
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Solving the Continuous Knapsack Problem

Proof. (cont.)

We increasey;, and decreasey;,, while keeping all other values equal.
Let ¢ = min{vik(l — yik)7vi£yie}'

We increasey;, by vi and decreasey;, by vi obtaining a new solution.
ik iE

This new solution is no worse than tiisolution.
Moreover, eithey;, has become 1, of, has become 0.

Repeating the same argument we find the solutiohthe greedy.
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Solving the Continuous Knapsack Problem

Theorem

The Greedy algorithm (n.3) is optimal for the Continuous gseck Problem (CKP)
(continuous relaxation of 0-1 Knapsack)

Proof. 2

LetO = {01, 0z,...,0,} be the optimal solution an@ = {g;, 0y, ..., 0n} be the
greedy solutiorfwhere the items are ordered with respect to the greedy €hoic

We show that there exist an optimal solution such that it tdkes the greedy choice
in each iteration.

First, we show that an optimal solution selects (a fractiofh onit of) itemg;.
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Solving the Continuous Knapsack Problem

Proof. 2 (cont.)

Two cases:

© G takes 1 unit ofy;.
If O also takes 1 unit of;, done.
If O doesn’ttake 1 unit ofj;, then we take away volumg, from O and put 1
unit ofg; to it = new solutionO'.
Of courseQ’ has the same volume constraihasO.
Moreoverg; has maximum ratiol/v.
= Olisasgooda® = g; € O andCO is an optimal solution.

Q G takes a fractiofi of g; (the volume added t@isf x vg,).
If O also takes a fractiohof g;, done.
If O takes less thahof g; (cannot take more becaus@ptimal), then we take
awayf x vy, from O and putf of g; to it =- new solutionO'.
As before O’ is as good a® (otherwise contradiction).
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Solving the Continuous Knapsack Problem

Proof. 2 (cont.)

Second, we observe that
after each greedy choice is made, we have a problem of thefsameas
the original one.

The problem exhibits the optimal substructure property
= G=0.
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Solving the Continuous Knapsack Problem

(Another) Alternative Proof:

The simplex algorithm for solving the CKP takes exactly thme steps as the greedy

Leti,, be such that :
Vie{l,...,h} X, — 1
Vie{h+2,....,n} X — 0
h
V=21V

Vini1

Xih+1 —

that is,ip Is such that:
h+1

h
v <V oand > v >V
j=1 ji=1

Let us apply the simplex algorithm with the dictionary reggetation.
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Solving the Continuous Knapsack Problem

(Another) Alternative Proof: (cont.)

.

X1 = 1-—X,

X2 = 1-X,
!

Xn = 1=X,

Xoni1 = V=L Vi,
[ £ - Zjnzl Ui; X
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Solving the Continuous Knapsack Problem

(Another) Alternative Proof: (cont.)

pivot: X, <> Xnt1

( Xiy = 1—%m1
X2 = 1-X,
9 . - _
X2on = 1-x,
Xonp1 = V=2 ovi% = Vil(1—Xat1) = (V = Vi) = 2o VX + Vit
\ z = U + Zjnzz uijxij — Uj; Xn+1

We continue with following dictionaries.
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Solving the Continuous Knapsack Problem

(Another) Alternative Proof: (cont.)

Dictionaryh :
pivot:  Xip <= Xnth

( Xil — 1 - Xn-|-1
Xiz = 1- Xn-|—2
Xih — 1 - Xn+h
) Xnthe1 = 1—X .,
X2n = 1- Xin
h h
X1 = (V=2 1 Vi) — Zjnzh—i—l VipXi 4 iz ViXn
h h
\ z = ZJ:]_ uij + Zjn:h—l-l Uinij T ZJ:l Ui1Xn_|_j
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Solving the Continuous Knapsack Problem

(Another) Alternative Proof: (cont.)

Dictionaryh + 1 :
pivot: X, <> Xony1

(X = 1-—Xn1
Xig — 1 - Xn+2
Xip, 1 — Xnth
! Xon = 1-x,
h n h
% B (V=201 Vi)  2jmhi2 Vi n D= Vit Xoni1
h+1 - , o . . Y
V|h+1 V|h+1 V|h+1 V|h+1
Xntht1 = 1— (expression ok )
h . n h
A = ijl U + Ui, (expression ok;,, ) + Zj:h+2 Ui Xi; — ijl u?%
ENAC
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Solving the Continuous Knapsack Problem

(Another) Alternative Proof: (cont.)

Dictionaryh + 1 :

pivot: X, < Xony1
h (V-0 v)
Z = Z Uij + u|h+1 ]
j=1 Vins
n
Vi.
+ Z (uii - uih+1v. : )Xii
J:h+2 Th41
h A
Ij
+Z (V- - uij) Xn+i
le Ih+1
_X2n+1
Ving 1

Sonia Cafieri (ENAC) Knapsack Problem
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Solving the Continuous Knapsack Problem

(Another) Alternative Proof: (cont.)

We check the signs of the coefficients of the variables :

Vi, U, Ui
Vi=h+2,...,n sign(uij—uim%) :sign(l_ﬂ) =1

ih41 Vij Ving 1

becausej > h+1

. , U
Vi=1,...,h sign(u'““vij — uij) = sign(u'h+1 _ J) —

ih+1 Vini1

becausej < h+1

Hence the simplex algorithm stops.
= the (feasible) solution found is also the optimal solution.
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Solving the KP exactly

Can we solve the KP exactly ?

4

Branch-and-Bound (B&B)
(séparation et evaluation)
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Branch and Bound

Branch-and-Bound (B&B) is a general framework for solvex@ctly
integer and discrete optimization problems. J

o Intelligentimplicit enumeration of all possible solutions

@ only potentially good solutions are enumerated,
solutions that cannnot lead to improve the current solui@not explored

@ based on the observation that the enumeration of integeti®o$ has a
tree structure
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Branch and Bound - search tree

Search Tree :

@ Nodes: represent stages of construction of the solution

@ Arcs: represent choices made to build the solution

For the KP :

@ Nodes : represent a step in which
some objects have been placed in the bz
some others have been left out of the ba
and others for which no decision has yet
been taken.

@ Arcs : indicate the action of putting
an object in the bag or not putting it in th

bag
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Branch and Bound - idea

The nodes of the search tree represent subsets of all of §séhjpsolutions.
In particular, the root node represeatssolutions that can be generated by
growing the tree.

The main idea is to build step by step the search tree avogtimging the whole tre
as much as possible.
Only the most promising nodes are generated and explorey atage.

The node that is the most promising is determined by estmgatibound on the best
value of the objective function that can be obtained by gnogvinat node to later stages
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Branch and Bound - main steps

@ Branching:
a node is selected for further growth and
two new subproblems are created

@ Bounding:
upper and lower bounds on the best value

attained by growing a node are estimated

@ Pruning:
nodes that are showed to be never either
feasible or optimal are permanently discarded
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Branch and Bound - main steps

During the search, a node must be in one of the following state

(i) has no feasible solution

(i) is such that its associated solutiafis feasible and
(a) xshas avalue better than the incumbent *
(b) xshas a value no better than the incumbent *

(i) neither of states (i) and (ii) has yet been established.

A node in either state (i) or (ii) is said to bethomed
A node that has not yet been fathomed is said tadieve

A node in states (i) or (iib) cannot contain the optimum, pranedfrom the tree.

* incumbent best integer solution found so far
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Branch and Bound - main steps

The search continues, branching from the active nodesaeittidr :

(i) all nodes have been pruned from the tree

(in which case the problem has no feasible solutions)

(i) all active nodes have bounds no greater than the value ofitienbent

(in which case the incumbent represents an optimal solution
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Branch and Bound for KP - principles

@ The solution set is partitioned into subses . . ., Sy
each subset corresponds to a partial (feasible) solution,

i.e. some of the variables have been fixed

@ When abranchingwith respect to a variablg is done, 2 new subsets
are created fron, :
S where we setx; =0, S wherewe setx = 1

@ An upper boundJBy corresponding t& can be computed by the
greedy algorithm on the CKP correspondindso (integer part)

@ A lower boundLBy corresponding t& can be computed by
rounding down the fractional variable, if it exists.

o If UBy = LBy the subproblerk is solved exactly.
?ENAC
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Branch and Bound for KP - principles

When we continue branching ?

@ Let Zz* be the value of the best feasible solution found so far:
current best solution z* > max{LBy, Vk}

o UBy > Z* : the subseg may contain a feasible solution with valtez*.
We continue working oi%. (S, UBy) isactive = Branching

o UBy < 7 : the subse§, cannot contain a solution with value z*.
The subset is of no interest anymores- Fathoming
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Branch and Bound for KP - steps

Initialization

@ construct a list L containing all active pairs(Sc, UB) :
initially, the original problem

o initial Upper BoundUB : solution of the CKP via the greedy algorithm

@ initial Lower BoundLB : a feasible solution
(rounding down the value of the fractional variable in theison of CKP)
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Branch and Bound for KP - steps

As long adsl is not empty :

@ choose among the active pairs the one with the maxuhal (S, UBy)

e splitS in § andSt according to a branching criterion

(ex. : the fractional variablg in the continuous solution)
e computeUB? andUB; (greedy algorithm for CNP)
e computeLBY andLB; (feasible solution for KP)

o if LBY >z, thensetz' « LBY andupdatex* accordingly
if LB. >z, thensetz « LBi andupdatex* accordingly

e if UBY >z, thenadd (,UBY) to L
if UBL > z*,thenadd (S,UB}) to L

o updatel deleting the element$S,, UBy) such thalB;, < z* %
ENAC
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Branch and Bound for KP - algorithm

Sort values/volumes by non-increasing order.
Let i; be indexes such thaf; /v, with j = 1is the maximum ratio
X «— 2 Vi
k< 1 /literation counter
L «— (S, UBx) //original problem
Z" — LBy
while (L not empty) do
v« min{ijlj € {1,..n} Ax, =2}
X0« 0, xt< 1 //twobranches
for p=0,1 do
compute UB; and LB}

it (Spaw < V) then
if (UBf>2z and LB} # UB}) then

add (§,UB}) to L by non-increasing order fayB %
ENAC
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Branch and Bound for KP - algorithm (cont.)

if (LB} >Zz*) then
z* « LB  //current best solution
X* « corresponding solution
end if
end for
L — L\ (&, UBy)
k—k+1
end while
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Example

max z=12X; + 11X — 2+ 8X3 + 6X4
st.  8X1 + 8% + 6x3 + 5x4 < 20
xi € {0,1} Vi

Uq U, U3 Uy

V1 V2 V3 V4
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T

fcontinuous solution’,

i i |
" LB lua
~ |

I LL23.0

2812/

11:0/ \’\::I
\\
T e

10,1, 1 \ LLIED N

/
I.
b 16 L

23 |18/

) | \
! I
26 N
Xy= (I// \3 =1
s
¥4 N
T S

o

AN VO R R T R w15 5 B TR
| - . )
N 23 | 2745,/ . infessible ./
v | M ~
X V,:u/ \x =1
T

I', fl 1,00 N ( | 1.0, | %
|
\ B | B/ L infeasible ’I ENAC

Sonia Cafieri (ENAC) Knapsack Problem 2011-2012 38/50

f



branching on fractional variables Wwwwin tue.nl/ wscor/OW/2v300
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Designing a Branch and Bound algorithm

Branch and Bound is a very general framework.

To completely specify how the process is to proceed, youradsal to define

@ How to obtain bounds?
@ How to branch?

@ In what order to examine nodes?
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Branch and Bound: Obtaining bounds

For a maximization problem

- the (current) tightest lower bound, provided by the besitsmh we have found,
is also referred to as thrimal bound

- the upper bound on the profit obtainable within a given sebhftons
Is also referred to as traual bound

@ To obtain adual (upper) bound

one typically solves a relaxation of the subproblem :
LP relaxation (but also Lagrangian relaxation, etc..)

The bound can also be computed by solvingdhel problem

@ To obtain gorimal (lower) bound

one typically computes a feasible solution of the subpmoble
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Dual Problem

For aLP problem in standar@rimalform:

max c'x xeR" ceR"
(LP) st. Ax<b AeR™" peR™
x>0
TheDual Problenis :
min b'y yc RM
(D) st. Aly>c
y>0
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Dual Problem

To obtain the Dual Problem:

- write the Lagrangian : L(x,y,s) = ¢'x— s'x+y" (b — Ax), withsc R",y ¢ R"
(using nonnegative Lagrangian multipliers to add the gairdis to the objective function)

- write the Lagrangian dual : minmé&b + (¢’ — s — yA)x)
- apply the optimality conditions (KKT) to the Lagrangian tlua

The solution of the dual problem provides an upper bound
to the solution of the primal problem J
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Dual Problem : Example

Knapsack with 2 constraints, relaxed

(

n
max inui
i—1
n
st invi <V
i—1

n
inpi <P
i=1
X < 1Vi
\ X > 0Vi

Vi ... Wy V

P1 ... Pn P
A — 1 ... O b— 1

o ... 1 1 %
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Dual Problem : Example

Knapsack with 2 constraints, relaxed

Vi P1 1 ... O
T . .
A=l t 0 .. 0
Vi pn O ... 1
( n+2
min b’y ="> by,
(D) T, =t -
st. Ay>u S Viyi+piY2+Yie2 > U Vie{l ..n}
\ y=>0
gENAC
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Dual Problem : Example

Knapsack with 2 constraints, relaxed
A (feasible) solution can be obtained by setting :

Vi=Y2=0, Vir2=UuVi

The solutioniis : i u. This gives an upper bound for the 0-1 KP.
Another solution clgr11 be obtained by setting :
Vi=Y2=1 VYirz=maxq0,u —pi—V Vi}
The solutionis : i
V + P+Zmax{0,ui —pi —Vi}

i=1

n
that can be better than the previous one¥f + P < Z u.
i=1
So, we can search for

min a(V + P) + max{0, u; — a(p; + i)} %
ENAC
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Branch and Bound: How to partition into subproblems

]

IP problems :

- choose x; ¢ Z
-set § =SU{x:x < X} and
7 =8su{x:x <[4 +1)
How to choose the fractionary component? Example : choasedmponent with
fractionary value closest to 0.5

Binary IP problems :

- choose X
-setS) = S U {x:x =0} and
S =SU{x:x=1}
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Branch and Bound: How to choose a node

The search tree can be explored using

]

Depth-first search
allows to find a feasible solution to the IP quickly

Breadth-first-search
may allow to prune more of the search tree sooner

Best-Node First

chooses the node with the best dual bound.

This might lead to finding a good incumbent quickly, thus @lating the need
to evaluate the other subproblems

Otherheuristics
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